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32 Spontaneous Breaking of Continuous

Symmetries

Prerequisite: 22, 30

Consider the theory (introduced in section 22) of a complex scalar field ϕ
with

L = −∂µϕ†∂µϕ− m2ϕ†ϕ− 1
4λ(ϕ†ϕ)2 . (32.1)

This lagrangian is obviously invariant under the U(1) transformation

ϕ(x) → e−iαϕ(x) , (32.2)

where α is a real number.
Now suppose that m2 is negative. The minimum of the potential of

eq. (32.1) is achieved for

ϕ(x) = 1√
2
ve−iθ , (32.3)

where
v = (4|m2|/λ)1/2 , (32.4)

and the phase θ is arbitrary; the factor of root-two in eq. (32.3) is con-
ventional. Thus we have a continuous family of minima of the potential,
parameterized by θ. Under the U(1) transformation of eq. (32.2), θ changes
to θ + α; thus the different minimum-energy field configurations are all
related to each other by the symmetry.

In the quantum theory, we therefore expect to find a continuous family
of ground states, labeled by θ, with the property that

⟨θ|ϕ(x)|θ⟩ = 1√
2
ve−iθ . (32.5)

Also, according to the discussion in section 30, we expect ⟨θ′|θ⟩ = 0 for
θ′ ̸= θ.

Returning to classical language, there is a flat direction in field space
that we can move along without changing the energy. The physical con-
sequence of this is the existence of a massless particle called a Goldstone
boson.

Let us see how this works in more detail. We first choose the phase
θ = 0, and then write

ϕ(x) = 1√
2
[v + a(x) + ib(x)] , (32.6)

where a and b are real scalar fields. Substituting eq. (32.6) into eq. (32.1),
we find

L = −1
2∂

µa∂µa − 1
2∂

µb∂µb

− |m2|a2 − 1
2λ

1/2|m|a(a2 + b2) − 1
16λ(a2 + b2)2 . (32.7)

b = massless “Goldstone boson”
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U(1) symmetry is “spontaneously broken”
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Better parameterization of the fields:
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61 Scalar Electrodynamics

Prerequisite: 58

In this section, we will consider how charged spin-zero particles interact
with photons. We begin with the lagrangian for a complex scalar field with
a quartic interaction,

L = −∂µϕ†∂µϕ− m2ϕ†ϕ− 1
4λ(ϕ†ϕ)2 . (61.1)

This lagrangian is obviously invariant under the global U(1) symmetry

ϕ(x) → e−iαϕ(x) ,

ϕ†(x) → e+iαϕ†(x) . (61.2)

We would like to promote this global symmetry to a local symmetry,

ϕ(x) → exp[−ieΓ(x)]ϕ(x) , (61.3)

ϕ†(x) → exp[+ieΓ(x)]ϕ†(x) . (61.4)

To do so, we must replace each ordinary derivative in eq. (61.1) with a
covariant derivative

Dµ ≡ ∂µ − ieAµ , (61.5)

where Aµ transforms as

Aµ(x) → Aµ(x) − ∂µΓ(x) , (61.6)

which implies that Dµ transforms as

Dµ → exp[−ieΓ(x)]Dµ exp[+ieΓ(x)] . (61.7)

Our complete lagrangian for scalar electrodynamics is then

L = −(Dµϕ)†Dµϕ− m2ϕ†ϕ− 1
4λ(ϕ†ϕ)2 − 1

4FµνFµν . (61.8)

We have added the usual gauge-invariant kinetic term for the gauge field.
The quartic interaction term has a dimensionless coefficient, and so is nec-
essary for renormalizability. For now, we omit the renormalizing Z factors.

Of course, eq. (61.8) is invariant under a global U(1) transformation as
well as a local U(1) transformation: we simply set Γ(x) to a constant. Then
we can find the conserved Noether current corresponding to this symmetry,
following the procedure of section 22. In the case of spinor electrodynamics,
this current is same as it is for a free Dirac field, jµ = ΨγµΨ. In the case
of a complex scalar field, we find

jµ = −i[ϕ†Dµϕ− (Dµϕ)†ϕ] . (61.9)

Scalar electrodynamics
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has disappeared!



Vector field has acquired mass  
by “eating” the Goldstone field 
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This is the “Higgs mechanism”

It is how the W±, Z0  get mass  
in the Standard Model
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Field strength:
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Can restrict to SU(N):
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Gauge-invariant lagrangian:



Quantum chromodynamics (QCD) 
of quarks and gluons:
SU(3) “color” group

Electroweak interactions:
SU(2) X U(1) ➝ U(1)EM 

W±, Z0  gain mass via Higgs mechanism

All together, this is 
the Standard Model 

of elementary particles
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